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The classical amplitude for scattering of two positive helicity and n - 2  negative helicity (or the other way) gauge bosons is 
shown to be generated by a Wess-Zumino-Witten (WZW) model for N= 4 supersymmetric gauge theory; i.e. the current algebra 
of the WZW model (with central charge k= 1 ) gives a Kac-Moody algebra as the symmetry behind these amplitudes. 
Gauge theories have a deep and as yet not com- 
pletely unders tood  geometrical  origin. It is therefore 
of  some interest  to identify symmetr ies  governing 
their  dynamics  beyond the manifest  gauge symmetry.  
Of  course this might  be possible only for certain sec- 
tors of  the theory or for some supersymmetr ic  exten- 
sions. The self-dual sector of  non-abel ian gauge 
theories has been shown to possess a K a c - M o o d y  
symmetry  [ 1 ]. However ,  progress beyond this has 
been difficult. Recently there have been calculat ions 
of  scattering ampl i tudes  for several gauge bosons at 
the classical level. These are done by summing up the 
appropr ia te  number  of  Feynman  diagrams [ 2 ]. The 
number  of  d iagrams for each process is quite large 
but  the final results are very simple. One can define 
a set of  sub-ampli tudes which are gauge invariant  and 
cyclically symmetric .  The full ampl i tude  is then the 
sum over non-cyclic permuta t ions  o f  the external  
lines. The sub-ampl i tudes  correspond to the low en- 
ergy l imit  of  s imilar  scattering ampl i tudes  of  a string 
theory [ 3 ]. Although these ampl i tudes  have many  o f  
the nice proper t ies  of  the string ampl i tudes  infinite- 
d imensional  symmetr ies  such as the Virasoro and 
K a c - M o o d y  symmetr ies  are lost upon taking the low 
energy limit.  In this note we make the observat ion 
that  there is a K a c - M o o d y - t y p e  symmetry  behind  
some of  the scattering ampli tudes .  More specifically, 
the ampl i tude  for the scattering of  n -  2 negative hel- 
icity and 2 posi t ive helicity (or  the other  way)  gauge 
bosons can be const ructed in terms of  the two-dimen-  
sional W e s s - Z u m i n o - W i t t e n  ( W Z W )  model  [4] .  
The correspondence is at the classical level and for 
the specific choice of  polar izat ions  indica ted  above. 
Extension to other  processes seems possible at the ex- 
pense of  int roducing non-local terms in the opera tor  
product  expansion of  the W Z W  currents. The corre- 
spondence is actually for the N =  4 supersymmetr ic  
model.  The superpar tners  do not  contr ibute  to scat- 
tering classically and thus the result applies to a non- 
supersymmetr ie  theory also. 
The relat ion to two-dimensional  theories arises as 
follows. The gauge bosons are massless and thus their  
momenta  are null vectors. Apart  from an overall scale 
a null vector  defines a two-sphere.  One can construct  
a W Z W  model  over  this two-manifold  and we show 
that  this generates the scattering ampl i tudes  o f  the 
four-dimensional  theory. The m o m e n t u m  Pu of  a 
massless particle can be writ ten as p~,= zt~rtA where the 
Weyl spinors rtA and rt~ are de te rmined  by Pu up to a 
phase. One example for the choice o f  r~ is 
kl - i k 2  
The following proper t ies  are true for the spinor  
momenta :  
( 1 2 )  = ~ j  "Ttz = ZtA (pl)7~1~(P2)~ AB= --7~2 '7~1, 
P~ "P2 = I;~1 '7~2 I 2 
for two null vectors p~ and P2. The Lorentz invar iant  
phase space measure  d3p/2po for a massless part icle  
can be expressed as 
d 3 p  1 (~.dlr  d2z~_ z~.d~ d2n) 
2po 2i 
0370-2693 /88 /$  03.50 © Elsevier Science Publishers  B.V. 
( Nor th -Hol land  Physics Publishing Divis ion  ) 
215 
Volume 214. number 2 PHYSICS LETTERS B 17 November 1988 
where ~ denotes the complex conjugate of~z. The am- 
pli tude for n gauge boson scattering can be expressed 
as follows. Define sub-ampl i tudes  A ( 1, 2 .... , n) as 
A( 1, 2, ..., n) = (x /2 ) " ig  "-2 
<I J> 4 
×Tr(t"'t"~-"'t"") (12>  < 2 3 > . . . ( n l  > ' (2)  
where / ,  J refer to the posi t ive helicity bosons, tO's are 
the matr ix  representat ives  of  the group generators in 
the fundamenta l  representa t ion of  the group, g is the 
gauge coupling constant. This result has been checked 
by explicit  calculat ions up to n = 6. For  two negative 
helicity bosons it is bel ieved to be correct  for any n 
since it satisfies the Ward  identi t ies  and the Al ta re l l i -  
Parisi  equat ions [ 2 ]. U p  to n = 5, the general ampl i -  
tude has this form. For  n = 6, ( + + + - - - ) is also 
an allowed choice of  helicities. The ampl i tude  for this 
has the form 
1 
A ( 1 , 2 ,  3, 4, 5, 6 ) =  +. . .  (3)  
t123SI2S23S45S56 
up to a mul t ip l icat ive  constant  and the sum is over  
var ious  permuta t ions  o f  particles,  t123= (P l+P2 
+p3)  2, st2= (P~ +P2)  2, etc. Our  a im will be to gener- 
ate ampl i tudes  like (2 )  in terms of  a W Z W  model.  
The full ampl i tude  is given by the sum of  (2 )  over  
the non-cyclic permutat ions .  Using the expression 
given above for the phase space factor d3p/2po it is 
possible to write the t ransi t ion rates and  cross sec- 
t ions also in terms of  spinor  momenta .  
Now apar t  from an overall  scale, a null vector  de- 
fines a two-sphere. This  can also be thought o f  as the 
set of  light cones a round  a point.  Consider  a point  in 
spacet ime with coordinates  x u. The light cone is then 
given by x,,+p~,z, where p~, is a null vector. The over- 
all scale of p,, can be absorbed by rescaling o f  the af- 
fine paramete r  r. Thus the set of  null cones a round  a 
point  can be pa ramet r ized  by a two-sphere. One can 
also consider  the set of  null cones as defining a bun- 
dle over  compact i f ied  Minkowski  space, an S 2 or  CP t 
bundle.  This is one of  the ways of  defining twistor 
space [ 5 ]. The spinor  momen ta  n~ can be thought of  
as the homogeneous  coordinates  of  this CP t. The spi- 
nor  has two complex numbers,  the two components .  
The overall  scale is removed  as before,  an overall  
phase can also be removed  or fixed to any specific 
value since pu does not de te rmine  it. Thus one gets 
Cp  I . 
A twistor  is usually def ined as the doublet  
Z , =  (OOA, re.i) of  Weyl spinors  which t ransforms as 
the four-dimensional  representat ion of  SU (2, 2).  The 
four complex numbers  Z ,  define C 4. One is generally 
interested in functions of  Z ,  with degree of  homoge-  
neity zero, i.e. functions on CP 3 def ined by the equiv- 
alence Z~=2Z, ,  2~C. Spacet ime coordinates  are 
def ined via the ident i f icat ion OOA=XAnn ~. The C P  3 
defined by the Z , ' s  can be thought of  as a CP 1 bundle  
over (compact i f ied)  spacetime. The fibre CP'  is given 
by n ~i with the ident i f icat ion of  re ~i and 2n x. Since we 
want  to identify n with the spinor  momentum,  we are 
interested,  in m o m e n t u m  space descript ion,  in func- 
t ions purely of  n. The Lorentz generator  on such 
functions is 
JAS= I ( ztA OS + gBOA ) (4)  
and  similarly for J~B, where 08 denotes  differentia-  
t ion with respect to zc 8. The Pau l i -Lubansk i  spin op- 
erator  is then, with P4~ = rCAre~, 
S~i = n~ rc~ (½rts08) =pA~ (lrc80~).  (5)  
This identif ies the helicity opera tor  as ( ½ ) the degree 
of  homogenei ty  in rr's. The opera tor  corresponding to 
a gauge boson and its par tners  o f  m o m e n t u m  
PAJt = ;Z,47~;t is given by 
Aa(p)=t~t"q/cp(g). (6)  
The index a gives the internal  (color)  degree of  free- 
dom.  ~u and q7 denote  two-dimensional  fermions de- 
f ined on the CP ~ with homogeneous  coordinates  rcA. 
The opera tor  ~taq/ has degree of  homogenei ty  in zc 
equal to - 2 and thus the zc-independent term in 0 (~)  
describes a gauge boson of  helici ty - 1. One can ex- 
pand 0 in powers o f  ~ to obtain higher helicities. The 
easiest way to do this, and in par t icular  to stop with 
helicity + 1, is to in t roduce four Grassmann  param-  
eters 0 A~, i =  1, 2, 3, 4, i.e., N =  4 extended twistor space 
[6] .  Let ~=OA~rA. We can then define ~ as a poly- 
nomial  in ~: 
O(~r) =a_~ + ~iai + ( 1 )~i~ja~ j 
.q_ ( I )~i ~J ~k al(.ijl.i _~ ~1~2~3 ~4(_ijl..i a +1" (7) 
a÷ 1 and a_  i are free creat ion operators  for gauge bo- 
sons of  the helicities indica ted  and momen ta  corre- 
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sponding to n'L (We can take all gauge bosons to be 
outgoing; other amplitudes are obtained by appropri- 
ate conjugation and crossing symmetry relations.) 
The remaining terms in (7)  can be interpreted as the 
fermions and scalars o f  the N = 4  supersymmetric 
model. Notice that q~ is very similar to the light-cone 
superfield of  the N =  4 theory [ 7 ]. 
In terms of  the operator A ~ (p) o f  eq. (4),  the am- 
plitude for the scattering of  n gauge bosons is given 
as 
d =  (x/2)" ig  ' ' -2 
X J d4xd201 d202 d203 d204 H exp( ip i 'x )  
t 
X ( n  a' (P l )A":  (p2)... a""(p.) ), 
where the expectation values are calculated by 
(8) 
O,, ( 9 )  < ~, ' , . (n)~,( le '  ) > - le-n'  ' 
r, s are color labels. 
Consider n external gauge bosons in eq. (8).  In or- 
der to saturate the Grassmann integrations ofeq.  (8) 
one has to have two positive helicity and n - 2  nega- 
tive helicity gauge bosons. It is easy to see that the 
amplitude (8)  agrees with explicit calculations; the 
sub-amplitudes are correctly reproduced and the sum 
over permutations as well. 
The above approach obviously does not give am- 
plitudes with more than two positive helicity gauge 
bosons, except for the conjugate with n - 2  positive 
helicity bosons. Thus for n = 6, we can have the choice 
( +  + + - - - ). The proliferation of  Grassmann 
numbers gives zero for this amplitude if one uses a 
local (in x)  expression such as (8) ,  in contradiction 
to the explicit calculation (3).  One can obtain the 
latter by non-local combinations like 
d ( l + ,  2+, 3 _ , J _ )  1---7 ag(J+,  4+, 5_,  6_ )  
PY 
with p.~ = (p~ q-P2 q-P3) 2. We do not yet have a sys- 
tematic way of  generating such terms. 
We now consider the W Z W  model defined on CP ~. 
If  we denote the local complex coordinate o f  CW as 
z, the model is defined by currents J" ( z )  which have 
the operator product expansion (OPE)  [ 8 ] 
Ja(z )J l ' ( z ' )  
_ - k  ~':' + fw 'cJc(z ' )  +..., (10) 
2 ( z - z ' ) 2  ( z - z ' )  
where.., denotes non-singular terms. The integer k is 
the central extension of  the corresponding Kac -  
Moody algebra. Introduce homogeneous coordinates 
,e A for CPL The OPE can then be written as 
Ja( le)Jb( 7"¢' ) 
- k  Oal, fal,,j,(le, ) 
_ - - + "  + . . . .  ( 1 1 )  
2 (n.le')2 (le.le,) 
We can recover the former version by defining 
le~=le] and z=le2/lel. The currents are related by 
Ja(z)  = J a ( n ) n  2. The OPE ( 11 ) has manifest pro- 
jective invariance. The n's transform linearly as a 
doublet of  the projective group SL(2, C). In inter- 
preting n as the spinor momentum of  a massless par- 
ticle, the group SL(2, C) of  projective transfor- 
mations becomes the four-dimensional Lorentz 
group. 
In constructing the amplitudes we have used free 
fermions on CP 1. Eq. (9) for the vacuum expecta- 
tion value can be expressed as an OPE 
V/, .(x)G(le ')= a,.s + .... (12)  
7~' 7~' 
In the amplitudes only the currents J a =  qTtaq/enter. 
Using (12),  the OPE for these currents is seen to be 
identical to ( 11 ) with k =  1. Thus we have shown that 
a WZW model with k =  1 can generate the scattering 
amplitudes o f  the N =  4 model, classically and for 
some choices of  polarizations. 
The equations of  motion for the N =  4 supersym- 
metric gauge theory can be shown to be equivalent to 
the integrability of  vector bundles on supertwistor 
space when restricted to light-like lines, i.e., the cur- 
vature vanishes along light-like directions [ 9 ]. As in 
the case of  other equations of  mot ion which can be 
expressed as integrability conditions, e.g. instantons, 
sine-Gordon theory, etc., one can naturally expect an 
infinite-dimensional symmetry for the N =  4 theory, 
at least classically. Since the curvature vanishes, the 
gauge potentials are pure gauge along light-like direc- 
tions in supertwistor space. The algebra of  gauge 
transformations thus determines the classical dy- 
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namics.  The  K a c - M o o d y  algebra ( 11 ) wi th  k =  1 that  
we use is par t  o f  this symmet ry .  An  in te res t ing  ques-  
t ion that  arises is whe the r  o the r  t w o - d i m e n s i o n a l  
con fo rma l  theor ies  can be used  to genera te  ampl i -  
tudes  for four -d imens iona l  theories.  The  O P E s  for  the 
t w o - d i m e n s i o n a l  theor ies  can be  easily wr i t ten  in 
t e rms  o f  the  h o m o g e n e o u s  coo rd ina t e s  n A o f  the  CW 
o f  the  null  m o m e n t a .  T h e  ques t i on  whe the r  the  cor-  
re la t ion  func t ions  can  be cons is tent ly  in t e rp re t ed  as 
the m o m e n t u m  space ampl i t udes  in four  d i m e n s i o n s  
is unde r  inves t iga t ion .  
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